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An improved iterative method for computing association constants from sedimentation equilibrium results obrained 
with self-interacting protein systems is presented which accounts for the composition-dependence of the activiry coeffr- 
cients of all oligorneric species The method is based on the calculation of virial coefticients from covolume and charge con- 
siderations, the statistical mechanical basis of which is discussed in relation to the DLVO theory. The method is applied to 
results obtained with lysozyme in diethylbarbiturate buffer of pH 8.0 and ionic strength 0.15 at 15°C. It is shown that 
these results, encompassing a range of total solute concentration up to 19.7 g/liter are consistent with self-association pat- 
terns comprising either a monomer-dimer-trimer system or an isodesmic indefinite self-association of the monomer, the 
latter being favored. A firmer distinction between these possibilities is sought on the basis of the dependence of the weight- 
average partition coefficient, determined by frontal gel chromatography, on roral solute concentration (up to 56.6 g/liter). 
This analysis accounts for the composition-dependence of the ratio of the activity coefficients of partitioning monomer 
in mobile and stationary phases. It is concluded that all results are consistent with an indefinite self-association of lysozyme 
governed by a single association constant of 4.61 X 10” liter/mole. 

1. Introduction 

The elucidation of the self-association pattern of a 
protein requires experiments to be conducted over a 
relatively large range_ of total concentration since sev- 
eral models may appear to fit a limited set of results, 
especially those pertaining to low total concentra- 
tions [l-3]. Since experiments referring to relatively 
high total concentrations may be required as part of 
a set, their interpretation demands that attention be 
given to non-ideally effects [4--6]_ One approach 
has been to express the logarithm of the activity co- 
efficient of each oligomer as a power series in total 
concentration and to analyse sedimentation equilib- 
rium results, for example, in terms of the oligomers 
present, the association equilibrium constants and the 
coefficient(s) of the power series suitably truncated 
[6-g]. This exercise in curve-fitting led to the :mter- 
pretation of such results obtained with lysozyme at 
pH 6.7 in terms of a monomer-dimer system with an 
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apparent second virial coefficient of negative sign [S, 

lOI_ A similar interpretation [lo] was given to results 
obtained at pH 8.0, closer to the isoelectric point of 
pH 11 [l I] _ It has been pointed out [12] that a neg- 
ative second virial coefficient has no physical signifr- 
cance and that this difficulty could be overcome by 
interpreting the results in terms of a monomer- 
dimer-trimer system: the latter work 113-1, however, 
in so-doing, completely neglected non-idea&y effects. 

A second approach to the treatment of non- 
ideality is to express the logarithm of the species ac- 
tivity coefficients as functions of solution composi- 
tion;.which permits identification of the constant co- 
efficients of the resultant power series as quantities 
which may be evaluated numerically on the basis of 
covolume and charge interaction considerations [13, 
14]_ It is true that such calculations require assump- 
tions to be made concerning the geometry of oligomers 
and the net charges borne by them, but the advantage 
accrues that experimental results may now be analysed 
to yield soleIy the parameters governing the equilibria 
operative in solution, due allowance having been made 
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for realistic estimates of the composition-dependent 
activity coefficients. Such a procedure for the analysis 
of sedimentation equilibrium results has been out- 
lined theoretically [14J and applied [2] to the self- 
associating insulin system at pH 7.0. It is made tract- 
able by the fmding that the radial distribution of the 
thermodynamic activity of mvnomer can be evaluated 
directly from the sedimentation equilibrium distribu- 
tion without assuming a model for the self-association 
[I 21. The study on insulin [2], however, referred only 
io a limitcd range of total concentration and therefore 
considered only second virial coefficients: moreover, 
as the net charge borne by the insulin monomer was 
only -2, a relatively crude estimation of the ccntribu- 
tion of charge interaction to the virial coefficients suf- 
ficed. 

It is a major purpose of this work to elaborate on 
the calculation of virial coefficients and to illustrate 
the general importance of so-doing by reference to 
the self-association of lysozyme at pH 8.0 where the 
monomer of molecular weight 14400 (31 bears a net 
charge of +7.3 [ 1 I]- Sedimentation equilibrium re- 
sults Up to a total concentration of 19.7 g/liter are 
analysed for the first time with allowance for compo- 
sition-dependent activity coefficients and the results 
are correlated with the concentration-dependence of 
the weight-average partition coefficient of the system 
determined by frontal gel chromatography_ This cor- 
relation extends the examined concentration range 
to 56.6 g/liter. 

2. Theory 

Consider a solution containing monomer of molec- 
ular weight M, in equilibrium with a series of poly- 
meric species. The total weigh1 concentration, F kg/ 
liter), is given by 

where ci is the weight-concentration of species i (i = 1, 
monomer; i = 2, dirner; etc.), al is the thermodynamic 
activity of monomer referred to a standard state on 
the molar concentration scale and yi is the activity co- 
efficient of species i. In these terms, the successive 
equilibrium constants are also defined on the molar 
scale as 

Ki =aj/iQ-lal "_Sj~~j/Yj-~~j_1Y~~~ , (2) 

where ?ni = +/iMl and K1 = 1 by reason of nomcncla- 
ture. It will be assumed that no volume changes occur 
on self-association and thus that the equilibrium con- 
stants are independent of pressure. Eq. (1) encom- 
passes consideration of all self-association patterns 
[I 23, those of particular relevance to this work being 
[3,8,123, a monomer-dimer system (i= 1,2), a mono- 

mer-dimer-trimer system (i = 1,2,3) and an iso- 
desmic indefinite self-association (i = 1,2. ___, m with 
allKi=KZfori>2sothatI~~}=K~-‘)). 

Eq. (1) applies at every radial distance, x, in the 
cell of a sedimentation equiliorium experiment and is 
particuIarIy appropriate to the analysis of such results 
since the Q(x) method [12] may be used to determine 
al(x) as a function of F(x) from a series of experi- 
ments spanning a range of total concentration. How- 
ever, its use in a least-squares fitting procedure to de- 
termine the products of appropriate equilibrium con- 
stants, and hence individual best-fit values of EC,, re- 
quires comment on the yi(X) which are functions of 
the composition of the mixture and hence of F(x). 
Explicitly, 

where each of the subscripts i, j, ic, . . . is allowed to ‘-’ 
span the set of oligomeric species independently. In 
this work higher terms in eq. (3) are neglected and de- 
tailed comment on the means used to evaluate the 
sets of constant coefficientsCoG 1 and I”ijk3 are given 
in the Appendix_ It suffices here to note that the set 
I~ij}, corresponding to second virial coefficients, are 
calculated on the basis of excluded volumes of equiv- 
alent spheres together with a consideration of charge 
interactions which is based on the assumption of con- 
servation of charge on polymerization and on an ac- 
curate description of the electric potential of interac- 
tion between species i and i according to the DLVO 
theory [ IS,1 63. The treatment effects an improve- 
ment of the charge correction term, Z&j/U, conven- 
tionally added to the covolume contribution in the 
estimation of second virial coefficients [2,13,14,173. 
The method used to calculate the set { ~i~~~, corre- 
sponding to third virial coefficients, involves numeri- 
cal integration of an equation also encompassing co- 
volume and charge effects: previous calculations of 
third virial coefficients have not considered the latter 
effect [18]. 
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It is clear that the use of eqs. (1) and (3) in the 
elucidation of any self-association pattern from 
c(x), al(x)) data must be based on an iterative pro- 
cedure. We suggest that a suitable starting point is the 
approximation, ln yi(X) - c+(x)/iL$ for then approx- 
imate values Of yi(X) for each oligomeric species may 
be calculated as a function of c(x) using the calcu- 
lated values of qi. For the monomer-dimer or iso- 
desmic indefinite self-association patterns, eq. (1) 
may then be fitted using a non-linear regression pro- 
cedure to experimental (i?(x), aI (x)) points in terms 
of an apparent value of the single equilibrium con- 
stant, K2. The second step utilizes this estimate of 
K2, and the experimental Q~ (x) values, in eq. (2) to 
calculate first approximations of az(x), and of the ac- 
tivities of higher polymers in the case of indefinite 
self-association. These values, divided by the first esti- 
mates ofy;(x), are substituted into eq. (3) in place of 
the required molar concentrations to give improved esti- 
mates of 3$x)_ It has been shown [14] that division of 
the available ai by these improved J?(X) values permits 
eq. (3) to be used in an iterative manner which rapidly 
converges on the best estimates ofyi(x) appropriate to 
the apparent value of K2 _ These values of J;(x) may now 
be used in fitting eq. (1) to the experimental results 
whence an improved estimate ofK, emerges. This proce- 
dure, which considerably extends that described previous- 
ly [ 143 based on a single estimate ofKZ, may be repeat- 
ed until values of K, and of ui(x) become invariant 
within reasonable tolerance_ Moreover, the same pro- 
cedure is directly relevant to the examination of other 
models, such a monomer-dimer-trimer system, in- 
volving more than one equilibfium constant. It is now 
possible to compare the relevance of different models 
examined in this way by calculating apparent values of 
Z(x) using eq. (1) and testing them directly against 
corresponding experimenta values. 

sults may be distinguished on the basis of results ob- 
tained at higher total concentrations by other experi- 
mental procedures_ In particular, such a correlation is 
possible using weight-average partition coefficients 
determined as a function of total concentration by 
frontal chromatography in which a plateau of original 
concentration is maintained throughout the experi- 
ment [ 1?,20]_ It has been shown [2 13 that, provided 
a stationary matrix may be found which is not sub- 
ject to noticeable osmotic shrinkage at the plateau 
values of total concentration, Fr, and which excludes 
all oligomeric species except monomer, 

=W = olc~/iT ) (4) 

where u, is the weight-average partition coefticient 
determined from the median bisector of the advancing 
front. The partition coefficient of monomer is de- 
noted by o1 which equals c$/cl where c1 is the weight 
concentration of monomer and the superscripts p and 
y refer to the stationary and mobile phases, respective- 
ly_ Eqs. (2a), (2b) and (4) of ref. 1211 may be rear- 
ranged to show that o1 is related to a:, the partition 
coefficient of monomer at infinite dilution, by 

cl = o$$‘u{ exp(-G) , (5) 

where exp(G) is the contribution to the monomer ac- 
tivity coefficient in the stationary phase due to mono- 
mer-matrix titeraction. In these terms, eq. (3) becomes 

y4 = exp(cull”2$ + ‘y111(??ZQ2 f __.) exp(G) . (66) 

Combination of eqs. (5) and (6) together with the re- 
lation ??z$ = alcx/MI yields, 

cl= o~:yllexp~orll(o:olcl~) 

f- “111(01c’I/Af1)2 -I- .._I . (7) 

The procedure for testing a self-association pattern 

In principle, it is possible to conduct an extensive deduced from sedimentation equilibrium analysis in 
series of sedimentation equilibrium experiments with relation to (D, a,) results is as follows. For a series 
different loading concentrations and/or angular veloci- of values of Fr, the postulated equilibrium constant(s) 
ties to examine by overlapping steps [I 2 J a very wide relevant to the indicated self-association pattern may 
range of total concentration_ This, however, is a for- be used with eqs. (1) and (3) to obtain corresponding 
midable task in view of the resolving power of avail- values of cl and yl by the iterative procedure previ- 
able optical systems, as has been noted specifically in ously described 1141. Thus, eq. (7) may be solved 
relation to sedimentation equilibrium studies on numeric&y for u, values corfesponding to selected 
lysozyme [I] . We suggest, therefore, that self-associa- Fr values utilizing the value of oi obtained by extra- 
tion patterns defined with precision from the analysis polating ow values to inftite dilution_ The relevance 
of a more limited set of sedimentation equilibrium re- of the particular self-association pattern may now be 
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tested by calculating uW versus cr from eq. (4) and r-p-m.; expt. 2,7_473 g/liter, I5 000 r-p-m.; expt. 3, 
comparing the result directly with the experimental 11427 g/liter, 11000 r_p.m. and expt. 4,17,142 g/ 
points. liter, 8000 r.p.m. 

3. Experimental 

Salt-free lysozyme (hens’ egg white) was obtained 
from Worthington Biochemical Corp. and used with- 
out further purification. All experiments were con- 
ducted with solutions of the protein in 0.15 I diethyl- 
barbiturate buffer (0.02 M sodium diethylbarbiturate, 
0.01 M diethylbarbiturate acid, 0.13 M sodium chlo- 
ride), pH 8.0. Solutions were dialysed against this buf- 
fer using prewashed Visking 8132 cellophane tubing 
prior to use and concentrations were determined 
either spectrophotometrically employing an extinc- 
tion coefficient (Eizm) at 280 nm of 26.35 [22] or 
refractometrically using a synthetic boundary ultra- 
centrifuge cell as described previously [lo]. In the 
latter connection, the relationship F= 0.254 J was 
employed [ 121 where C is in g/liter and J in Rayleigh 
interference fringes in a 12 mm path length cell: the 
assumption was made that the specific refractive in- 
crements of all oligomeric species of lysozyme were 
identical. Densities of lysozyme solutions were deter- 
mined using an Anton-Paar DMA 02C precision densi- 
ty meter and proved to be linear with total concen- 
tration. 

The analysis of F(x) versus x plots obtained from 
these experiments differed from that described in the 
earlier work [IO] in that the S2(x) method [12] was 
employed to obtain the relationship between al(x) 

and +-) directly without estimating apparent 
weight-average molecular weights_ In detail, a refer- 
ence concentration F(xF) = 4.826 g/liter common to 
expt. 1 and 2 was selected which arose at xF = 7.1448 
cm and 6.9245 cm, respectively, to evaluate R(x) val- 
ues according to eq. (5) of ref. [I 2]_ The partial spe- 
cific volume of lysozyme was taken as 0.726 ml/g 
[3,10,12]. A plot of L?(x) versus F(x), which proved 
to be coincident in the range of F(x) common to both 
experiments, led to an extrapolated value of L-LO(X) 
of 0.820 which permitted evaluation of a1 (x) as 
~(x)R”(x)/fi(x). The plot of al(x) versus F(x), thus 
obtained from expt. I and 2, extended up to a value 
of i?(x) of IO.5 g/liter. Expt. 3 encompassed the F(x) 
range of 8.6-14.2 g/liter, part of which is evidently 
common to that in expt. 2. It thus follows that al(x) 
was known for specified x values in expt. 3 within 
this common range, and accordindy, a1 (x) versus 
F(x) was computed from eq. (3) of ref. [ 121 for the 
entire F(x) range encountered in expt. 3. Similarly, 
values of al(x) from expt. 4, which encompassed the 
F(x) of 15.0-19.7 g/liter, were calculated by estimat- 
ing the value of aI (x) at the meniscus position of 
expt. 4 by a small extrapolation of the a1 (x) versus 
F(x) obtained from the preceding three experiments. 

3.2 Sedime?ztation equilibrium 

3.3. ExcIusion chromarognzpiz~ 

Experiments were performed using a Spinco model 
E ultracentrifuge titted with electronic speed control 
and the temperature was maintained at (15 + 0.1 )“C 
with the RTIC unit and refrigerator. Rayleigh inter- 
ferograms recording equilibrium distributions were 
measured with a two-dimensional Nikon microcom- 
parator to obtain plots of F(x) versus x, as described 
earlier [10,23]. Three of the experiments had been 
performed previously :I 0] and the fourth was con- 
ducted using the same protocol, including the use of 
a solution column height of approximately 3 mm. 
These experiments are designated in terms of Initial 
loading concentration (g/liter) and angular velocities 
(r-p-m.) as follows: expt. 1,2.896 g/liter, 20 000 

Dialysed solutions of lysozyme of known concen- 
tration, CT, were subjected to frontal exclusion chro- 
matography on a column (0.9 X 69 cm) of Sephadex 
G-50 (Pharmacia) pre-equilibrated with degassed di- 
ethylbarbiturate buffer of pii 8.0 and thermostatical- 
ly maintained at 15°C. Approximately 30 ml of each 
protein solution (degassed and subjected to filtration 
using a 0.45 p Millipore membrane) was applied to 
the column by upward flow, the flow-rate being main- 
tained at 23 ml/h by means of a peristaltic pump. 
Fractions (I -0-I .2 ml) were collected in pre-weighed 
tubes so that the precise weight of each fraction 
could be determined and concentrations of lysozyme 
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in each fraction were determined spectrophotometrical- 
ly_ This permitted construction of elution profiles on a 
volume basis by use of the calibration curve of density 
versus concentration. The median bisector of the ad- 
vancing front in each experiment was determined to 
give the weigbt-average elution volume, V,,., corre- 
sponding to the particular plateau concentration, FT 
1193. The corresponding weight-average partition co- 
efficient, (Q,),,~~, was found as (VW - Vu)l(Vt - r/10), 
where V,, was the void volume of the column (17.35 
ml, determined with blue dextran) and Vt was the to- 
tal accessible volume (45.25 ml, determined with 
K2CrOq)_ 

Two further points merit comment in relation to 
these experiments. First, Sephadex G-SO was chosen 
as the column matrix since its exclusion limit of mo- 
lecular weight -30000 for globular proteins ensured 
that dimers and higher polymers of lysozyme were ef- 
fectively excluded from the stationary phase, and be- 
cause this highly cross-linked dextran is subject to 
little or no osmotic shrinkage [24] _ Indeed, in the 
latter connection, it was observed that the total vol- 
ume of the column remained invariant even in the 
presence of the highest concentration of lysozyme em- 
ployed (56.6 g/liter)_ Secondly, it is known that in ad- 
dition to a partitioning effect of lysozyme monomer 
on Sephadex columns, the protein also reversibly ad- 
sorbs to the gel matrix [25,26]. A correction for this 
effect was made as follows. The partition coefficients 
of a series of noninteracting globular proteins of mo- 
lecular weight close to that of the lysozyme monomer, 
cytochrome c (11700), ribonuclease (13700), a: - 
lactalbumin (14200) and myo’globin (17200), were 
determined separately in the same diethylbarhitutate 
buffer at low protein concentration (-0.2 g/liter). 
The values obtained were 0.30,0.30,0.26 and 0.24, 
respectively. On this basis, a value of 0.27 was chosen 
for oy, the partition coefficient of lysozyme monomer 
at infinite dilution corrected for the absorption effect. 
The corresponding observed value, which reflects both 
partitioning and absorption, was 0.50. The difference, 
0.23, was subtracted from each (a,v)ebs obtained as a 
function of ET to yield the plot of oW versus i? re- 
ported later, where oW refers to a weight-average par- 
titioning effect alone. In relation to this subtractive 
procedure, it is noted that the correction term em- 
ployed closely resembles that of 0.25 found in previ- 
ous studies [26] and that the method is seen from eq. 

(4) of ref. [26] to be justified in cases where the con- 
centration of the unbound acceptor sites on the ma- 
trix is relatively insensitive to the applied concentra- 
tion of protein. 

4. Results 

Fig. 1 presents the plot of the thermodynamic ac- 
tivity of lysozyme monomer, aI (x). with reference 
to a standard state on the molar scale, as a function 
of the total lysozyme concentration, F(x), obtained 
from sedimentation equilibrium expts. 14. The as- 
sessed accuracy of the points is TO.04 g/liter, within 
the area of the symbols shown. It is evident that the 
results from different experiments are coincident in 
their common ranges of E(x), which directly implies 
that any volume changes on self-association are un- 
detectable within experimental precision [ 121. This 
finding justifies the assumption made in the theoreti- 
cal section that association constants for the lysozyme 
system are independent of pressure, at least in the 
range l-8 atm encompassed in the sedimentation 
equilibrium experiments, but seems to be at variance 
with the interpretation suggested earlier [lo] that 
the self-association of lysozyme at pH 8.0 (but not 
at pH 6.7) is accompanied by an apparent negative 
volume change. The latter interpretation was based 
on small differences (<3.5%> in apparent weight- 
average molecular weight results obtained at the same 
values of E(x) in different experiments and, as the 
authors noted [lo], errors in the differentiation pro- 
cedure used to obtain these values may well be an al- 
ternative cause for the observed non-superposition: 
this source of error has been obviated in the present 
analysis by the use of the Q(x) method which is more 
direct and accurate 1123. 

The results shown in fig_ 1 were analysed by the 
iterative procedure outlined above and based on eqs. 
(1) and (3), in terms of three self-association patterns, 
monomer-dimer, monomer-dimer-trimer and an in- 
definite self-association. These analyses required the 
evaluation of the sets of constant coefficients {oij> and 
{+&J, contained in eq. (3), utilizing relations given in 
the Appendix. Table 1 summarizes values of oif so ob- 
tained using values of the radii of equivalent spheres 
for the oligomeric species calculated from 2;- = (3iVI/ 
4rr)li3 where VI (2.0 X 10W20 cm3) is the best esti- 
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w4 (g/liter) 

Fig. 1. The dependence of the thermodynamic activity of monomer, referred to a standard state on the molar scale, al(x), on total 
weight concentration, F(x), obtained from sedimentation equilibrium experiments conducted with lysozyme at 1PC in diethyl- 
barbiturate buffer, 0.15 I, pH 8.0. The experiments are delineated in the text and the use of symbols is as follows: l (expt. 1); 
0 (expt 2); m (expt. 3); o (expt. 4). 

mate of the effective volume of a molecule of the lyso- 
zyme monomer [27] : in these calculations, .Zi was 
taken as 7.3i. A discussion of one value from table 1 
suffices to illustrate the relative magnitudes of terms 
contributing to it, as detailed in the Appendix, and we 
choose the monomer-monomer (j = j = 1) value of 
2.1 X lo2 liter/mole. This equals according to eq. (A-2) 

the difference between 2A 11 (2.2 X IO2 liter/mole) 
and Ml5 (0.1 X IO2 liter/mole), illustrating the gener- 
al observation that the molar volume term is relatively 
small. ?n turn, 24 11 is comprised of the covolume ef- 
feet of magnitude 1 .O X lo2 liter/mole and the charge 
interaction term of 1.2 X 10’ liter/mole, which 
stresses the importance of assessing the latter term re- 

Table 1 
Calculated values of ok corresponding to second virial coefficients for lysozyme as defined in eq. (3). The units are lo* liter/mole 

i 

i 1 2 3 4 5 6 7 8. 9 10 

1 21 3.3 4.3 5.1 5.9 6.6 7.3 7.9 a.5 9.1 
2 3.4 5.1 6.5 7.6 8.7 9.7 10.5 11.4 122 129 
3 4.5 6.6 8.2 9.6 10.8 120 13.0 14.0 14.9 15.8 
4 5.4 7.9 9.7 11.3 127 14.0 15.1 16.2 17.3 18.2 
5 6.3 9.0 11.0 128 14.3 15.7 17.0 18.2 19.3 20.4 
6 7.2 10.1 123 14.2 15.8 17.3 18.7 19.9 21.2 22.3 
7 7.9 11.1 13.4 15.4 17.2 18.8 20.2 21.6 229 24-i 
8 8.7 120 14.5 16.6 18.5 20.2 21.7 23.1 24.5 25.7 
9 9.4 12.9 15.6 17.8 19.7 21.5 23.1 24.6 26.0 27.3 

10 10.1 13.8 16.6 18.9 20.9 227 24.4 25.9 27.4 28.8 
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alistically. In this connection, it is noted that this im- 
proved estimate of the charge interaction term ob- 
tained by numerical integration differs significantly 
from the value 1.8 X lo2 liter/mole calculated from 
the conventional first estimate of the charge term, , 
Zz/U [2,13,14,17]. Values of aGk (one thousand in 
number) were computed from eqs. (A.3) and (A-10) 
in a range encompassing the decamer of lysozyme 
(as in table 1) and table 2 presents a subset of these 
values. For brevity, comment is again made only on a 
single value, o1 1 1 = 7.9 X lo3 liter2/mole2, corre- 
sponding to the third virial coefficient for monomer- 
monomer-monomer interaction. This equals accord- 
ing to eq. (A-3) the difference between 3A 111/2 
(9.1 X lo3 liter2/mole2) andMIE..ll (1.2 X lo3 
literz/molez), showing again that the former term 
dominates. Of greater interest is the observation that 
crII1 would have the value 1.7 X lo3 liter2/mole2 in 
the absence of charge interactions: such values based 
on covolume considerations alone have been used [ 181 
in relation to isoelectric protein studies, but the pres- 
ent comparison emphasizes the necessity of consider- 
ing charge effects in the present context. 

Best fit estimates of the association constants for 
the three models examined by the iterative analysis of 
the results in fig. 1 with the use of calculated CY~ and 
aide values were as follows: monomer-dimer, K2 = 
(7.14 f 0.04) X lo2 liter/mole; monomer-dimer- 
trimer, K2 = (3.58 2 0.04) X lo2 liter/mole and K3 = 
(1.04 i 0.04) X lo3 liter/mole; isodesmic indefinite 

Table 2 
A subset of calculated values of ojjk corresponding to third 
vi&l coefficients for lysozyme as defined in eq. (3). The units 
are IO3 liter*/mole* 

k 

i 1 2 3 

i= 1 1 7-9 16.0 22.7 
2 15.0 28.1 42.1 
3 21.5 39.7 55.6 

i= 2 1 15.3 29.9 42.1 
2 28.5 52.2 76.4 
3 40.3 72.9 101 

i=3 
: 

22.1 42.4 59.2 
40.6 73.5 105 

3 57.0 102 140 

self-association, K2 = (4.61 * 0.03) X lo2 liter/mole. 
Fig. 2 presents plots of the best fit activity coefficients 
relevant to the models, those for the indefinite self- 
association pattern encompassing oligomers up to the 
decamer, since the contribution of higher polymers to 
the total concentration was shown to be negligible at 

i?(x) values of 20 g/liter. Table 3 examines the rele- 
vance of these patterns in terms of comparisons of ex- 
perimental values of F(x) and those calculated using 
eq. (I), the derived equilibrium ccnstants, values of 
al(x) from fig. 1 and the values of the activity coeffi- 
cients (fig. 2). It is apparent from table 3, which pre- 

E (g/liter) 

Fig. 2 The dependence of calculated activity coefficients of 
oligomeric species of lysozyme on total weight concentration. 
(a) monomer-dimer model with K2 = 7.14 X lo* liter/mole; 
(b) monomer-dimer-trimer model with K2 = 3.58 X 10’ 
liter/mole and KS = 1.04 X 10’ liter/mole; (c) isodesmic in- 
definite self-association pattern with K2 = 4.61 X lo* liter/ 
mole and curves referring progressively to oligomeric species 
from monomer to decamer as indicated. 
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Table 3 
An examination of sedimentation equilibrium results obteined with lysozyme at pH 8.0 in terms of three possible self-association 
patterns a) 

Experimental Calculated 

01 (x1 F(x) monomer-dimer monomer-dimer-trimer indefmite 
(10-4 &/liter) E(x) AF WG AF m9 AF 

moles/liter) 
- 

1.279 1.994 2.115 0.121 1.987 -0.007 2.016 0.022 
2374 4.013 4.311 0.298 3.981 -0.032 4.036 0.023 
3.338 6.048 6.484 0.436 6.011 -0.037 6.062 0.014 
4.151 7.988 8.452 0.464 7.933 -0.055 7.959 -0.029 
4.927 9.975 10.415 0.440 9.946 -0.029 9.935 -0.040 
5.694 12045 12417 0.372 12.097 0.052 12.053 0.008 
6.365 13.995 14.204 0.209 14.100 0.105 14.044 0.049 
7.013 16.053 15.947 -0.106 16.126 0.073 16.085 0.032 
7.572 17.996 17.458 -0.538 17.936 -0.060 17.941 -0.055 
8.033 19.700 18.705 -0.995 19.466 -0.234 19.537 -0.163 

e) The patterns sxemined were as follows: monomer-diier with Ks = 7.14 X lo2 liter/mole; monomer-diier-trimer with Kz = 
3.58 X lo2 liter/mole and K3 = 1.04 X lo3 liter/mole; isodesmic mdefmite self-association with Ks = 4.61 X lo* liter/mole. 

sents a selection of results over the range of points in 
fig. 1, that the monomer dimer model, previously pro- 
posed [IO], is unacceptable and, indeed, a comparison 
of F(x) values based on the use of two hundred experi- 
mental (z;(x), al(x)) points led to a standard deviation 
of -to.392 g/liter for this model. On the other hand, 
the standard deviation, the function minimised in the 
iterative fitting, so calculated for the monomer- 
dimer-trimer and isodesmic systems was 20.063 g/ 
liter and ?0.039 g/liter, respectively. In this connec- 
tion it is noted that a standard deviation of 50.04 g/ 
liter has been assessed [2] as reasonable in reflecting 
errors in the R(x) analysis of sedimentation equibb- 
rium results. It follows that the pattern of isodesmic 
indefinite association governed by K, = (4.61 f 0.03) X 
lo2 liter/mole is favored by the present results. Clear- 

ly, however, while the monomer-dimer model need 
be considered no further, it would be advantageous to 
search for a firmer distinction between the monomer- 
dimer-trimer model, implying the formation of a cy- 
clic trimer in termination of a definite self-association, 
and the model of indeftite self-association. This must 
be based on results obtained at even higher total con- 
centrations than 20 g/liter. 

Fig. 3 presents a plot of the weight-average partition 
coefficient of lysozyme, u, (corrected for adsorption 
effects as described in the experimental section) versus 

o-3o- 

0.15 - 

d(g/liter) 

Fig. 3. The dependence of the weight-average partition coef- 
ficient of lysozyme, ow (corrected for absorption effects as 
described in the text) on total we&In concentration in the 
plateau retion Experimental points were determined by 
frontal chromatography on Sephadex G-50 at 15°C in diethyl- 
barbiturate buffer, 0.15 I, pH 8.0. The solid end broken curves 
refer, respectively, to the isodesmic indeftite self-association 
and monomer-diier-trimer patterns end were calculated 
using the association constants reported in the caption to frS. 
2 with allowance for composition-dependent non-ideal&y as 
described by eqs (3) and (7). 
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the total plateau concentration, Fr, used in the frontal 
chromatrography experiments. The solid and broken 
curves in fig. 3 were computed for the isodesmic in- 
definite self-association pattern and the monomer- 
dimer-trimer system, respectively. In these calcula- 
tions, values of the association equilibrium constants 
were those found from the analysis of the sedimenta- 
tion equilibrium results and eqs. (4) and (7) were em- 
ployed as previously described with cry = 0.27, al1 = 
2.1 X lo2 liter/mole (table 1) and crlll = 7.9 X lo3 
liter*/mole2 (table 2). Calculation of ul and cl for use 
in eq. (7) required, for the isodesmic system at iP’ 
greater than 20 g/liter, consideration of oligomeric spe- 

cies larger than the decamer species since polymers up 
to the 1%mer were computed to contribute significant- 
ly to the highest F’)’ of 56.6 g/liter_ It is evident from fig. 
3 that both self-association patterns examined fit the re- 
sults within experimental error up to 20 g/liter and 
this is not unexpected in view of the dependence of 
composition on total concentration reflected by both 
models in the sedimentation equilibrium results in this 
concentration range. The fit in this region is reassuring 
in relation to the subtractive correction procedure used 
to obtain u\v values. A’oove 20 g/hter, the theoretical 
curves in fig. 3 diverge and only that referring to the 
isodesmic iudeftite self-association patterns passes 
through the experimental points_ 

5. Discussion 

on the interaction of the competitive inhibitor, N- 
acetylglucosamine, with the lysozyme system have 
both been interpreted on the basis of a “head to tail” 
self-association of lysozyme involving one active site 
in the formation of dimer. Such a proposal which has 
been supported by nuclear magnetic resonance studies 
1333, implies that there is no a priori reason, except 
for net electrostatic repulsion, why a series of higher 
polymers of lysozyme may not be formed. In this work 
a test of this proposal was made by selecting conditions 
(a relatively high pH value and low temperature in the 
ranges previously investigated, a relatively high ionic 
strength of 0.15 and a large range of total concentra- 
tion up to 56 g/liter) that would favor any high poly- 
mer formation. Moreover, particular attention has been 
paid to the treatment of non-ideality effects on the 
basis of composition-dependent activity coefticients 
expressed in terms of virial coefficients which reflect 
both covolume and charge contributions. The results 
obtained from sedimentation equilibrium (table 3) 
and from partition chromatography corrected for ad- 
sorption effects (fig. 3) both favor the operation of an 
isodesmic indefinite self-association of lysozyme 
governed by a single association constant of 4.61 x lo2 
liter/mole, corresponding to a standard free energy 
change of -3.5 kcal/mole for addition of monomer to 
form higher polymers_ The possibility, however, can- 
not be excluded that the successive equilibrium con- 
stants (on a molar scale) may differ slightly in magni- 
tude; for any such effect would evidently be within 
experimental error. 

Several workers [3,8,10,12,28--311 have investigated The point of more general significance in this work 
the self-association of lysozyme in the pH range 6.7 to is the demonstration that composition-dependent non- 
8.0 where the net charge borne by the monomer varies ideality effects may be considered by improved itera- 
by only one unit from +8.3 to +7.3 [1 11. A range of 
values between 2 X lo2 and 8 X lo2 liter/mole for 

tive procedures for self-associating systems both in 
sedimentation equilibrium and in partition chromato- 

the dimerization constant was reported, Athe values de- graphy. In the latter case, previous treatments of non- 
creasing with increasing temperature (4-25°C) and ideality have been based on one of the following as- 
their magnitudes being sensitive to the various assess- sumptions: (1) that the weight-fraction of monomer is 
ments of self-association patterns and of non-ideality large in the range of total concentration encompassed 
effects. This range of values for K2 corresponds to a 1341, so that virial coefficients calculated from covol- 
standard free energy change for dimer formation of ume considerations for the partitioning monomer suf- 
-3.0 to -3.8 kcal/mole. In general, it has been agreed ficed to express the activity coefficient of the monomer 
that at least one polymer larger than the dimer co- as a function of total concentration; or (2) that the 
existed in the equilibrium mixtures and Deonier and 
Williams 133 have referred to the possibility that an 

Adams-Fujita approximation 161, ln yi = iBMl C, 
where B is an apparent virial coefficient, was valid in a 

indefinite self-association was operative. In the latter range of relatively low total concentration [21] . The 
connection, it could be noted that two studies [30,32] reasonableness of the latter approximation may be 



SO PX. wills et al/Seif-association of Iysozyme 

judged on the basis that the ratio Y~/JJ~_ lyl, approxi- 
mates unity [6,14], a condition which may be assessed 
from fig. 2 to be of decreasing validity as large polymers 
or high total concentrations are considered. Moreover, 
use of this approximation written for a two-term virial 
expansion in fitting the sedimentation equilibrium re- 
sults of the present study led to at least one negative 
value of the apparent virial coefficients for each model 
examined. With the requirement removed *&at these 
coefficients be positive on a physical basis, it followed 
that it was no longer posSble to decide between the 
modeis on the basis of the experimental results. This 

highlights the necessity of providing a realistic physica 
basis for the estimation of the virial coefficients which 
delineate the composition-dependence of the activity 
coefficients. Ii is hoped, therefore, that the theory 
presented in the Appendix, its numerical illustration 
in tables 1 and 2, and its iterative use in relation to 
eqs. (l), (3) and (7) will be useful in treating results 
obtained with other self-associating systems, especial- 
ly those involving a highly charged monomer where 
improved estimates of electrostatic effects are re- 
quired as well as covolume considerations. 

Appendix 

Evaluation of tile constant coefficients {CY$ and {Olijkl 

These sets of coefficients, corresponding respectively to second and third virial coefficients, are defined in eq. 
(3) and comment is now required on relations used in their numerical evaluation (tables 1 and 2). First, it is noted 
that the osmotic pressure, II, of a solution comprising a self-associating protein and solvent may be expressed by 
the virial expansion, 

(A.11 

where the symbol A denotes an osmotic virial coeffkieni with concentrations expressed on the molar scale and 
the use of subscripts is the same as that employed in relation to eq. (3). Eqs. (3) and (A-1) together with the Gibbs 
Duhem relation may be used to show that 

cyii = 2AV - fi$li 2 aijk = (3A$k/2) - “cMjAik + Mk Aii!/2 , (A-2), (A-3) 

where U denotes the partial specific volume (liter/g) assumed identical for all oligomeric species. These relations 
are analogous to those obtained for a single solute [18] and for a self-associating system [7] in which activity co- 
efficients were expressed as functions of total concentration rather than of solution composition as in eq. (3). It 
follows from eqs. (A-2) and (A-3) that values of ~ij and oUk may be computed if the corresponding osmotic virial 
coefficients are estimated on a statistical mechanical basis. 

The coefficient Aij in liter/mole may be calculated provided the potential energy U,(X) of two protein mole- 
cules i and i is specified as a function of their center to center separation, x, in decimeters [35,36]. Thus, 

Aii = -2?rN p X*~j(X) dx , (A-4) 

where iV is Avogadq-o’s number and the “Mayer f-functions” are given by [36], 

~j(X) = exp(-Uii(x)/kT) - 1 _ (A-5) 

There are two major contributions to the potential energy to be considered, covolume effects and electrostatic in- 
teractions. It will be assumed that all oligomeric species are impenetrable spheres with radii fi- (i = 1, monomer; 
etc.) bearing a net charge Zi on their surface, such that 1163, 
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uij(x) = ijZjE2 eXp[-K (X - ‘;- - rj)] 

fOrX<ri+Tj 
(A-6) 

Ex(l + KTi)(l -c K’i-) 
for X > ri -t zi_ 

where e is the electronic charge, E is the dielectric constant of the medium and IC is the inverse screening length of 
the supporting electrolyte given from Debye-Hiickel theory in terms of the molar ionic strength, 1, by 
(8 iWe 1/1000 E k7J 1 1 *. Eq. (A-6) reduces to that cited by Phillies [37] and Tung and Steiner [38] for identical 
molecules, i = i. Eq. (AS) may be written in expanded form as, 

( 

-1 

fij(x)= 

for x < ri -t rj 

(A-7) 
-_(U~(X)/k~ -f (Uij(X>/k~'/2 - s-w for X > ri + rj 

and, thus, eq. (A-4) becomes 
ri+ri 

Aii=25rNJ *Gix-ZirNJ= X2fjj(X) dx _ (A-8) 
0 Ti+rj 

The first integration may be performed directly to yield the contribution of the covolume effect [13,39,40] : the 
second integral may also be written explicitly provided the electrost, -tic energy satisfies the condition Uii(x) < kT 
for all x > ri + rj, so that the series in eq. (A-7) may be truncated after the first term. In this case, with the use of 
eq. (A-6), eq. (AS) becomes 

Aij = 
2iTlV(Tf + Tj)3 ZjZj(l + KTi + Krj) 

3 +‘%I(1 + K+i)(l + KTj) * 
(A-9) 

In the limit that both Kri and K’i_ are small compared to unity (the Debye-Hiickel limit) the second term of eq. (A-9) 
predicts a contribution to oij-(via eq. (A.2)) of ZiZj/2Z which is the term conventionally added to the covolume 
contribution [2,13,14,17]. However, use of this simplified correction in studies of charged proteins in buffers of 
ionic strength approximately 0,l M may seriously overestimate the electrostatic contribution. For example, in 
this study, the value of I was 0.15 M and T = 15°C so that K = 1.28 nm-1 and thus even for the lysozyme mono- 
mer-monomer interaction (i = i = 1, r1 - 1.68 run), the coefficient of Zizi/4~ in eq. (A.9) is 0.53. It follows that 
eq. (A-9) is a better approximation for the calculation of the Aij provided U,(x) -G kT for all x > rj + rj, a condi- 
tion which depends on the magnitudes of Z, and Zj and may be tested with the use of eq. (A.6). 

In the case of lysozyme at pH 8.0 where Z1 = +?.3 [l l] , the latter condition was not fulftied and, accordingly, 
an improvement on the second term of eq. (A.9) was sought. This was achieved by computing values of x2&(x) 
from eq. (A.5) as a function of x which permitted numerical evaluation of the integral shown as the second term 
in eq. (AS). The required values of U,(x) for this use of eq. (A-5) were computed using either eq. (A-6) or eq. 
(21) of ref. [41] with +oi =Zie/~z;(l + Krf) [42]. Plots of V,(X) versus x from these two calculations intersect at 
a particular value of x: below this value, values of Vii(x) found on the basis of ref. 1413 were used and, above it, 
those found from eq. (A-6) were employed. It is noted that eq. (21) of ref. [41] re f ers to the electrostatic poten- 

tial between dissimilar spherical molecules i andi and is a generalized form of the equivalent expression for iden- 
tical molecules (i =i) ori_ginally discussed by Derjaguin [ 151 and Verwey and Overbeek [ 161, embodying the DLVO 
theory_ 

It remains to discuss the evaluation of the A+ used in eq. (A-3) to calculate the (yiik: the quantities Aik and 
Aij also contained in eq. (A.3) were computed as described above. Hill [40] has provided the following relation 
between Aij~ and the “Mayer f-functions” defined by eq. (A-5) 

-s7i21v2 
Aijk= 3 Jx&j@ijjbcij ~xjkfjk~xjk)d*jk~xik~~k~xik)~~k 3 (A-10) 
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where the limits of the first two integrals are taken from 0 to 00 and of the third from lxij - xjk I to xij + xjk _ In 

the evaluation of Aij~, dues Of fij, & and fi* as functions Of Xip xjk and xfk, respectively, were found indepen- 

dently as described above. The triple integrations were then performed numerically according to a standard sum- 

mation procedure_ 
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